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GOAL: (2,0) Theory
Looking for:

SUSY transformations

Equations of motion

(Possibly a Lagrangian)

Which algebraic structure describes multiple M5-branes?
which particular choice of vector spaces etc.?
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(1,0) Models
[Samtleben,Sezgin,Wimmer]

SUSY transformations X

Equations of motion X (different from twistor results)

Lagrangian X (PST-like)

Which algebraic structure describes multiple M5-branes?
which particular choice of vector spaces etc.? ×
e.g. same as M2-branes? (probably not)
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(1,0) Multiplets

(2,0) Multiplet
(B,XI ,Ψ)

(1,0) Tensor multiplet (1,0) Hyper multiplet
(B,X6 = φ,ΨL = χ) (Xi,ΨR)
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(1,0) Multiplets

(2,0) Multiplet
(B,XI ,Ψ)

(1,0) Tensor multiplet (1,0) Hyper multiplet
(B,X6 = φ,ΨL = χ) �����(Xi,ΨR)

Auxiliary vector multiplet and 3-form field
(A, Y, λ) and C
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Fields live in

g∗
g−→ h

h−→ g

C (B,φ, χ) (A, Y, λ)
Maps:
f : g ∧ g→ g
d : g� g→ h
b : h⊗ g→ g∗

Induced maps:
f∗ : g× g∗ → g∗ , d∗ : h∗ × g→ g∗
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Closure of SUSY =⇒ Identities
For λ ∈ g∗ , χ ∈ h , γ ∈ g

h(g(λ)) = 0

f(h(χ), γ)− h(d(h(χ), γ)) = 0

f(γ[1, f(γ2, γ3]))− 1
3h(d(f(γ[1, γ2), γ3])) = 0

g(b(χ1, h(χ2)))− 2d(h(χ1), h(χ2)) = 0

g(f∗(γ, λ)− d∗(h∗(λ), γ) + b(g(λ), γ)) = 0

2(d(h(d(γ1, γ(2)), γ3))− d(h(d(γ2, γ3)), γ1))

−2d(f(γ1, γ(2), γ3)) + g(b(d(γ2, γ3), γ1)) = 0

d∗(h∗(b(χ, γ2)), γ1) + b(χ, h(d(γ1, γ2)))

+2b(d(γ1, h(χ)), γ2)− f∗(γ1, b(χ, γ2))

−b(χ, f(γ1, γ2))− b(g(b(χ, γ1)), γ2) = 0

This is a (1,0)-gauge structure

Example: Lie algebra f(γ[1, f(γ2, γ3])) = 0
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SUSY transformations, E.O.M. and Gauge transformations

SUSY transformations

δA = −ε̄γλ δB = −d(A, ε̄γλ)− ε̄γ(2)χ
δλi = 1

4F/ ε
i − 1

2Y
ijεj + 1

4h(φ)εi δχi = 1
8H/ ε

i + 1
4D/ φε

i − ∗12d(γλi, ∗ε̄γλ)

δY ij = −ε̄(iD/ λj) + 2ε̄(ih(χj)) δφ = ε̄χ

δC = −b(B, ε̄γλ)− 1
3b(d(A, ε̄γλ)A)− b(φ, ε̄γ(3)λ)

where
γ = γµdxµ, γ(2) = 1

2γµνdxµ ∧ dxν , γ(3) = 1
6γµνρdx

µ ∧ dxν ∧ dxρ

F = ∂A− 1
2 f(A,A) + h(B) 6= 0

H = DB + d(A, ∂A− 1
3 f(A,A)) + g(C) 6= 0

D = ∂ − f(A, ·) + h(d(A, ·))
or ∂ + 2d(X, h(χ))− g(b(χ,X))

or ∂ + f∗(X,λ)− d∗(h∗(λ), X)
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SUSY transformations, E.O.M. and Gauge transformations

Tensor multiplet E.O.M.

H− ?H = −2d(λ̄, γ(3)λ)

D/ χi = d(F/ , λi) + 2d(Y ij , λj) + d(h(φ), λi)− 2g(b(φ, λi))

D2φ = 2d(Y ij , Yij)− ∗2d(F , ∗F)− 4d(λ̄, D/ λ)

− 2g(b(χ̄, λ)) + 16d(λ̄, h(χ))− 3d(h(φ), h(φ))

Anti-self-dual part constrained
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SUSY transformations, E.O.M. and Gauge transformations

Gauge transformations parametrized by (α,Λ,Ξ)

δA = Dα− h(Λ)

δB = DΛ + d(A,Dα− h(Λ))− 2d(α,F)− g(Ξ)

δC = DΞ + b(B,Dα− h(Λ))− 1
3b(d(Dα− h(Λ), A), A)

+ b(Λ,F) + b(H, α) + . . .
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Fake Curvature

F = ∂A− 1
2 f(A,A) + h(B) 6= 0

H = DB + d(A, ∂A− 1
3 f(A,A)) + g(C) 6= 0

Fake curvature condition F = 0, H = 0, not SUSY invariant

unlike twistor construction, yet still large overlap for the algebraic
structures
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Overlap of (1,0)-gauge structures with familiar objects

Lie algebras ⊂ (1,0)-gauge structures

0 −→ 0 −→ g

what about
0 −→ h

h−→ g

Answer: Courant-Dorfman algebras
(finite dimensional Courant algebroids)
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Courant algebroid

Bundle E over manifold M with fiber metric 〈·, ·〉, anchor map
% : E → TM and courant bracket J·, ·K satistfying axioms

JJe1, e2K, e3K + JJe2, e3K, e1K + JJe3, e1K, e2K + 1
2D
〈
Je[1, e2K, e3]

〉
= 0

%(Je1, e2K) = [%(e1), %(e2)]

Je1, fe2K = fJe1, e2K + (%(e1) · f)e2 − 〈e1, e2〉Df〈Df,Dg〉 = 0

%(e) · 〈e1, e2〉 =
〈
Je, e1K +D〈e, e1〉, e2

〉
+
〈
e1, Je, e2K +D〈e, e2〉

〉
where D is the pullback of the exterior derivative by the anchor
map 〈Df, e〉 := 1

2%(e) · f

C∞(M)
D−→ Γ(E)
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Courant-Dorfman Algebra
as a (1,0)-gauge structure

h
t−→ g

with f := −J·, ·K , d := 1
2〈·, ·〉

exactly a (1,0)-gauge structure of the form

0 −→ h
t−→ g
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(1,0)-gauge structure with g∗ = 0
as (semistrict) Lie 2-algebra

0 −→ h
t−→ g

µ1(χ) := h(χ) , µ2(γ1, γ2) := −f(γ1, γ2) ,
µ2(γ, χ) := d(γ, h(χ)) , µ3(γ1, γ2, γ3) : d(γ[1, f(γ2, γ3])) ,

Courant-Dorfman algebras ⊂ Lie 2-algebras

NON − EXAMPLE : OCTONIONS

d(·, ·) cannot be written in terms of Lie 2-algebra products
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String Lie 2-algebra
as (1,0)-gauge structure

0 −→ R −→ g

d := 1
2〈·, ·〉 metric/Killing form

f := −[·, ·]

g = h = b = 0

E.O.M.

H− = −
〈
λ̄, γ(3)λ

〉
,

∂/χi =
〈
F/ , λi

〉
+ 2

〈
Y ij , λj

〉
,

∂2φ = 2
〈
Y ij , Yij

〉
− ∗2 〈F , ∗F〉 − 4

〈
λ̄, ∂/λ

〉
,
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M2-brane 3-algebras
as Lie 2-algebras (Patricia will talk more about this)

A −→ gA

µ2(g, a) = g B a , µ1 = µ3 = 0

Examples
BLG uses A4 defined by [eµ, eν , eρ] = εµνρσeσ

R
4 −→ so(4)

ABJM uses
MatC(N) −→ u(N)× u(N)
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M2-brane 3-algebras
as Lie 2-algebras

Problem:

if µ2(γ, χ) = d(γ, h(χ))

µ1 = h = 0

then µ2(γ, χ) = 0
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M2-brane 3-algebras
as (1,0)-gauge structures

0 −→ A −→ A× gA ,

and choose the maps

g = b =0 , h(v) =

(
v

0

)
,

d

((
v1
g1

)
,

(
v2
g2

))
= 1

2(g1 B v2 + g2 B v1) ,

f

((
v1
g1

)
,

(
v2
g2

))
=

(1
2(g2 B v1 − g1 B v2)

[g1, g2]

)
,

for v ∈ A,
(
vi
gi

)
∈ A× gA.
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Tensor gauge field with GxG symmetry [Chu]
as (1,0)-gauge structure

ABJM with boundary suggests u(N)× u(N) M5-brane symmetry

0 −→ g −→ g× g ,

and choose the maps

h(g) =

(
−g
g

)
, d

((
g1
g2

)
,

(
g3
g4

))
= 1

2([g1, g4] + [g3, g2]) ,

f

((
g1
g2

)
,

(
g3
g4

))
=

(−[g1, g3]− 1
2([g1, g4]− [g3, g2])

−[g2, g4]− 1
2([g1, g4]− [g3, g2])

)
,
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(1,0)-gauge structures \ker(g)
as Lie 3-algebras

If ker(g)=0

g∗
g−→ h

h−→ g ⊂ Lie 3-algebras

one parameter embedding

Using Q-manifolds

g∗\ker(g) g−→ h
h−→ g ⊂ Lie 3-algebras

corresponds to a particular parameter value
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If fake curvature condition imposed
gauge transformations can be written in terms of Lie 3-algebra products

δA = ∂α+ µ2(A,α)− µ1(Λ) ,

δB = ∂Λ + µ2(B,α) + µ2(A,Λ) + 1
2µ3(A,A, α)− µ1(Ξ) ,

δC = ∂Ξ + µ2(C,α) + µ2(B,Λ) + µ2(A,Ξ)− 1
2µ3(A,A,Λ)

+ µ3(B,A, α) + 2
3µ4(A,A,A, α).

F = ∂A+ 1
2µ2(A,A) + µ1(B) = 0 ,

H = ∂B + µ2(A,B) + 1
6µ3(A,A,A) + µ1(C) = 0 ,

But SUSY and E.O.M. cannot be written in terms of Lie 3-algebra
products
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Put this to some use
BPS equations for self-dual strings

H = ? Dφ ,

F = ? F ,

h(φ) = 0

Differ from twistor equations

F 6= 0
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Self-dual strings
abelian - single M5-brane

φ =
q

|x|2
0→ R→ 0
(1,0)-models and twistor
match

Suggests that M2-brane models should describe fuzzy S3

- open problem
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Self-dual strings
non abelian - two M5-branes

Akyol-Papadopolous Self-dual string

φ

0→ R→ su(2)
string(su(2))

Compare to ’t Hooft-Polyakov monopole

|φ| φ = xieif(|x|)
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A4 Self-dual strings
non abelian - two M5-branes

Φ = eµx
µ f(|x|) ,

Bµν = εµνκλe
κxλ g(|x|) ,

Aµ = εµνκλ[eν , eκ, ·] xλ h(|x|) ,

many solutions, all like:

F 6= ?F AND F 6= 0
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Trick
to satisfy fake curvature

F 6= 0 Lie 2-algebra
becomes F = 0, H = 0 Lie 3-algebra

h
t−→ g

becomes h t−→ gn h
t−→ g
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A4 Self-dual string topological invariants

su(2)-monopole

Φ ∼ g−1
(
v 0
0 −v

)
g .

π2(SU(2)/U(1)) ∼= Z .

Similarly for A4 self-dual string

π3 (SU(2)× SU(2)/SU(2)) ∼= Z ,
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Basic (BPST) Instantons

F ∈ su(2),

F = ?F ,

F → 0as|x| → 0 ,

F = ρ2
dx ∧ dx̄

(ρ2 + |x|2)2

x = xµσµ

dx ∧ dx̄ self-dual on R4
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Higher Instantons

dx ∧ dx̄ ∧ dx self-dual on R1,5

with x = xMσM =
0 x0 + x5 −x3 − ix4 −x1 + ix2

−x0 − x5 0 −x1 − ix2 x3 − ix4
x3 + ix4 x1 + ix2 0 −x0 + x5
x1 − ix2 −x3 + ix4 x0 − x5 0

 .

H ∝ dx ∧ dx̄ ∧ dx
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Higher Instantons

many solutions, e.g.:

H :=
ρ2

(ρ2 + |x|2)
5
2

(
0 dx̂ ∧ dx ∧ dx̂
0 0

)
= ?H

F =
1

(ρ2 + |x|2)2

(
ρ2 dx̂ ∧ dx+ 1

2dx̂ x ∧ dx̂ x 0
0 ρ2 dx ∧ dx̂+ 1

2dx x̂ ∧ dx x̂

)
.
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In Conclusion

(1,0) models similar but substantially different from HGT
(1,0) models include Courant-Dorfman algebras, String Lie
2-algebras and M2-brane 3-algebras
With fake curvature condition, gauge transformations match
Lie 3-algebras but SUSY doesn’t fit
BPS (non-abelian) sector also different from HGT
Analogues of ’t Hooft-Polyakov monopoles and BPST
instantons have many solutions
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.

Thank you!
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