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The gauge principle is at the heart of a good part of fundamental physics: Starting with a group
G of so-called rigid symmetries of a functional defined over space-time Σ, the original functional is
extended appropriately by additional Lie(G)-valued 1-form gauge fields so as to lift the symmetry to
Maps(Σ, G). Physically relevant quantities are then to be obtained as the quotient of the solutions
to the Euler-Lagrange equations by these gauge symmetries.

In this article we show that one can construct a gauge theory for a standard sigma model in
arbitrary space-time dimensions where the target metric is not invariant with respect to any rigid
symmetry group, but satisfies a much weaker condition: It is sufficient to find a collection of vector
fields va on the target M satisfying the extended Killing equation va(i;j) = 0 for some connection
acting on the index a. For regular foliations this is equivalent to requiring the conormal bundle to the
leaves with its induced metric to be invariant under leaf-preserving diffeomorphisms of M , which in
turn generalizes Riemannian submersions to which the notion reduces for smooth leaf spaces M/ ∼.

The resulting gauge theory has the usual quotient effect with respect to the original ungauged
theory: in this way, much more general orbits can be factored out than usually considered. In some
cases these are orbits that do not correspond to an initial symmetry, but still can be generated by a
finite-dimensional Lie group G. Then the presented gauging procedure leads to an ordinary gauge
theory with Lie algebra valued 1-form gauge fields, but showing an unconventional transformation
law. In general, however, one finds that the notion of an ordinary structural Lie group is too
restrictive and should be replaced by the much more general notion of a structural Lie groupoid.

INTRODUCTION

The Standard Model of elementary particle physics,
but also General Relativity and String Theory, are gauge
theories. In the former case, for example, gauging of an
SU(3) rigid symmetry rotation between the three quarks
leads to the introduction of the eight gluons that medi-
ate the interaction between those elementary particles.
Mathematically the resulting theory is described by con-
nections in a principle bundle (in the above example with
the structure group SU(3), the connection 1-forms repre-
senting the dim SU(3) = 8 gluons) with the matter fields
being sections in appropriate associated vector bundles.

The procedure can be generalized to matter fields be-
ing sections in arbitrary fiber bundles, the fibers being
equipped with geometric structures invariant w.r.t. some
group G, the structural or “rigid” symmetry group. In
the case of a trivial bundle, sections correspond to maps
from the base manifold Σ to the fiber M and one obtains
a sigma model, such as e.g. the “standard” one:

S0[X] =

∫
Σ

1

2
gij(X) dXi ∧ ∗dXj . (1)

This is a functional on smooth maps X : Σ → M . The
d-dimensional spacetime Σ and the n-dimensional tar-
get manifold M carry a (possibly Lorentzian signature)

metric h and g, respectively, h entering by means of ∗.
Symmetries of the geometrical data on the source man-

ifold Σ or on the target manifold M lift to symmetries
of functionals using only such data. So, in the case of
(1) an invariance of h and g leads to an invariance of S0.
By the Noether procedure this gives rise to conserved
quantities. For example, if h is a flat, these conserved
quantities yield the energy momentum tensor Tµν .

Let us now suppose that the metric g has a nontrivial
isometry group G, which infinitesimally implies Lvg = 0,
valid for the vector fields v = ρ(ξ) on M corresponding
to arbitrary elements ξ ∈ g = Lie(G). In this case, there
is a canonical procedure to lift the induced G-symmetry
of S0 to a gauge symmetry on an extended functional
S1 called minimal coupling : After introducing g-valued
1-forms A = Aaξa ∈ Ωa(Σ, g), ξa denoting any basis of
g, ordinary derivatives dXi on the scalar fields Xi are
replaced by covariant ones,

DXi := dXi − ρia(X)Aa , (2)

where ρia(x)∂i ≡ ρ(ξa). The new functional

S[X,A] =

∫
Σ

1

2
gij(X) DXi ∧ ∗DXj (3)

is now invariant with respect to the combined infinitesi-
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mal gauge symmetries generated by

δXi = ρia(X)εa , (4)

δAa = dεa + CabcA
bεc , (5)

for arbitrary εa ∈ C∞(Σ). Here Cabc are the structure
constants of the Lie algebra g in the chosen basis.

In the space of (pseudo) Riemannian metrics, those
permitting a non-trivial invariance or isometry group G
are the big exception. A generic metric g does not permit
any non-vanishing vector field v satisfying Lvg = 0.

It is conventional belief that an isometry is necessary to
gauge the functional (1). It is our intention to show that
this is far from true: First, there may be group actions
on the target M that are not isometries but still can be
gauged using Lie algebra valued 1-forms. Second, and
maybe more important, one does not need to restrict to
the action of finite-dimensional Lie groups. It is sufficient
to have a Lie groupoid G over M . In fact, the use of Lie
groupoids (and their associated Lie algebroids) in the
context of gauge theories is even suggested by the present
analysis as the much more generic one.

THE CASE OF 1-DIMENSIONAL LEAVES

For a conceptual orientation, we first consider the
highly simplified situation of a (regular) foliation of M
into one-dimensional, hyper-surface-orthogonal leaves for
a positive-definite metric g. In this case we can choose
an adapted local coordinate system such that ∂1 gener-
ates these leaves and x1 = const yields orthogonal hyper-
planes. This implies that g1i = 0 for all i 6= 1 or, if we
denote those indices by Greek letters from the beginning
of the alphabet, that g1α = 0 (while certainly g11 > 0).
∂1 not generating an isometry is tantamount to gij,1 6= 0,
for at least some components.

According to standard folklore, it should not be pos-
sible to extend S0 by gauge fields such that ∂1 becomes
a direction of gauge symmetries, i.e. such that δX1 = ε
will leave the extended action invariant for an arbitrary
choice of the parameter function ε ∈ C∞(Σ) (together
with an appropriate transformation of the gauge field).

Since the leaves are 1-dimensional, we will introduce
also only one gauge field A ∈ Ω1(Σ) and consider the
action functional

S[X,A] =

∫
Σ

1

2
g11(X) (dX1 −A) ∧ ∗(dX1 −A)

+
1

2
gαβ(X) dXα ∧ ∗dXβ . (6)

If we postulate the conventional δA = dε, we achieve
that dX1 − A is strictly gauge invariant. It is then easy
to see that with this transformation of the gauge field,
we necessarily need gij,1 = 0, which would imply that
∂1 generates isometries of g. However, one notices that

changes of g11 under the flow of ∂1 can be compensated
by means of a modified transformation of the gauge field
A. It is sufficient to require merely gαβ,1 = 0 for gauge
invariance of (6) if δX1 = ε is amended by

δA = dε+
ε

2
(ln(g11)),1 (dX1 −A) . (7)

This makes sense also geometrically: To factor out the
one-dimensional leaves equipped with the metric g11, it
is not necessary that this metric, disappearing in the
quotient, is invariant along the leaves, but only that the
transversal metric is: gαβ,1 = 0.

A conceptual understanding and straightforward gen-
eralization of this idea is obvious: Consider the Cartesian
product M = M1 × M2 of two Riemannian manifolds
(M1, g(1)) and (M2, g(2)) equipped with g = g(1) + g(2),
the sum of the pullback of the 2-tensors on each of the
two factors by the respective projection map. To con-
struct a sigma model with target (M2, g(2)) in terms of
a “quotient construction” for a gauge theory with target
M , it should not play any role that the total metric g is
not invariant along the leaves M1. Decisive is that g has
this “transversal-to-M1 part” (the pullback of g(2)) in-
variant under diffeomorphisms along the leaves M1 (the
invariance following precisely from the fact that it is a
pullback). In fact, in (6) g11 is not a function of only
x1, but it can depend on all the coordinates of M : Cor-
respondingly, the fiber-metric on M → M(2) can variy
along the fibers. In general we will not have to even
require a fibration, but permit singular foliations.

Let us confirm our expectation that in the case of
M = R × M(2) equipped with the adapted coordi-
nates (x1, xα) such that the metric tensor on M satisfies
gαβ,1 = 0, the gauge invariant content of (6) is indeed
described by a sigma model of the type (1) with target
(M(2), gαβ): Variation of (6) w.r.t. the gauge field A leads
to g11 ∗ (dX1 − A) = 0, i.e. to A = dX1, determining A
completely in terms of X1. Since moreover X1 is purely
gauge by construction, neither A nor X1 contain any
physical information. Varying the action (6) w.r.t. the
remaining fields Xα, terms from the first line evidently
vanish on-shell, while the second line gives the Euler La-
grange equations of the expected “reduced functional”.

In general the physical degrees of freedom cannot be
separated that easily from the unphysical ones. This is
the main point of the use of gauge theories. In some
sense they provide a smooth definition of an otherwise
very singular quotient space. So while the theory has
to be constructed so as to give the expected results in
the simplest situations of clearly separable physical and
gauge degrees of freedom, the real interest lies in those
situations where this separation is either hidden or not
even possible (on a global level and in a smooth manner).
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ARBITRARY FOLIATIONS

Consider the neighborhood of a point in M in which
the leaves of the foliation are generated (over smooth
functions) by a set of vector fields ρa, a = 1, . . . , r.
Clearly they must be involutive, i.e. there will exist func-
tions Ccab such that

[ρa, ρb] = Ccabρc . (8)

We want to promote arbitrary deformations along the
leaves to a gauge symmetry, Equation (4) with εa ar-
bitrary functions on Σ, at least locally. The functional
(6) corresponds to a special case of (3), only (7) devi-
ates from the conventional transformation behavior. It
is easy to verify that, as a consequence of involutivity,
also in the more general situation where Ccab are structure
functions over M , the expressions (2) transform covari-
antly, δ(DXi) = εa(ρia),jDX

j , if (5) holds true.[1] Thus,
in generalization of (7), we make the ansatz

δAa = dεa + CabcA
bεc + ∆Aa . (9)

Here we wrote simply (ρia),j and Cabc for (ρia),j(X) ≡
X∗
(
∂i(ρ

i
a)
)

and Cabc(X) ≡ X∗(Cabc), respectively, and we
will do likewise below. Variation of (3) with respect to
(4) and (9) yields

δS =

∫
Σ

1

2
εa (Lρag)ij DXi ∧ ∗DXj − gijρia∆Aa ∧ ∗DXi .

(10)
This vanishes for all εa(σ) if and only if there exist some
coefficients ωabi, corresponding to an r× r-matrix the co-
efficients of which ωab ≡ ωabidxi are locally 1-forms on M ,
such that the following holds true:

∆Aa := ωabiε
bDXi , (11)

Lρag = ωba ∨ ιρbg , (12)

where ∨ denotes the symmetric tensor product (for 1-
forms α ∨ β = α⊗ β + β ⊗ α). It is comforting to verify
that this condition is independent of the chosen gener-
ators along the leaves. For example, using a change of
generating vector fields,

ρ̂a := Lba ρb , (13)

where Lba are the components of an r× r matrix that are
locally functions on M , this only changes the matrix ω:
Indeed, (12) yields

ω̂caL
b
c = Lcaω

b
c + dLba . (14)

In fact, in the case of a regular foliation F on a Rie-
mannian manifold (M, g) there is a more geometrical for-
mulation of the condition (12), which is presented in the
first part of the following Theorem, the second part sum-
marizing the main findings of this letter up to this point:

Theorem:

• Given a (regular) foliation F of a Riemannian manifold
(M, g), then its conormal bundle N∗F with its canonical
metric is invariant with respect to leaf-preserving diffeo-
morphisms on M , iff for any locally defined generating
set of vector fields (ρa)ra=1 of TF there exists a local r×r
matrix ω such that (12) holds true or, equivalently, iff

Lvg ∈ Γ(D◦ ∨ T ∗M). (15)

Here D ≡ (TF)
⊥ ⊂ TM is the g-orthogonal complement

to the tangent distribution TF , TM = TF ⊕ D, and
D◦ ⊂ T ∗M the annihilator subbundle of D inside T ∗M .

• Let (M, g) be a pseudo-Riemannian manifold and F
a possibly singular foliation of M . Suppose that for
any local choice of (ρa)ra=1 and Ccab satisfying Eq. (8)
there exists an ωab such that (12) holds true. Then
the action functional (3) is gauge invariant with respect
to the infinitesimal gauge transformations generated by
δXi = ρiaε

a and δAa = dεa+CabcA
bεc+ωabiε

b(dXi−ρicAc).

The conormal bundle N∗F is the annihilator-subbundle
(TF)◦ ⊂ T ∗M inheriting a fiber-metric as a subspace of

T ∗M
g
≈ TM . We did not restrict to merely foliation-

preserving diffeomorphisms, but those which preserve
each leaf of the foliation separately.

Proof: Since T ∗M = D◦ ⊕ N∗F , any symmetric
2−tensor field can be uniquely decomposed into three
parts, belonging to the space of sections of S2D◦ ≡
D◦ ∨ D◦, S2N∗F , and D◦ ∨ N∗F . Let g‖ and g⊥ be
the first and the second components of g in this decom-
position, respectively; thus g = g‖ + g⊥. In general, Lvg
has all three components. (15) expresses that its second
component vanishes, (Lvg)⊥ = 0, which clearly follows
from (12); but also vice versa: F being regular, one can
always choose a smooth collection of such 1-forms ωab un-
der the condition (15).

On the other hand, g⊥ equips D with a metric, as
well as its dual D∗ ∼= N∗F . Thus, what remains to be
shown is that for any (local) F-tangent vector field v,
(Lvg)⊥ = 0 iff

Lvg⊥ = 0 . (16)

But (Lvg)⊥ = (Lvg⊥)⊥ since for any v ∈ Γ(TF)
and v1, v2 ∈ Γ(D):

(
Lvg‖

)
(v1, v2) = v

(
g‖(v1, v2)

)
−

g‖([v, v1], v2) − g‖(v1, [v, v2]) = 0. Using involutivity of
TF , one shows similarly Lvg⊥ = (Lvg⊥)⊥. �

Equation (16) shows that if the leaf space N := M/ ∼
is a smooth manifold, it can be endowed with a unique
Riemannian metric h such that the map from (M, g) to
(N,h) is a so-called Riemannian submersion [2].
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LIE GROUPOIDS VERSUS LIE GROUPS

Most of the investigations of Sophus Lie were con-
cerned with transformations satisfying infinitesimally
conditions of the form (8). It was a highly non-trivial
step to arrive from this to the abstract notion of a group
and a Lie algebra. In the latter case it amounts to first
restricting to cases where the structure functions Ccab in
(8) can be chosen as constant, then postulating elements
ξa having their proper own life: they are to generate an
algebra structure on the vector space g spanned by the
ξas via the product relation ξa • ξb = Ccabξc.

Let us go back to the original setting of a (possibly
singular) foliation with a local description such as in (8)
and let us drop the somewhat unnatural condition, which
underlie implicitly the introduction of Lie groups and al-
gebras, that there should be a global choice of ρas and
Cabc such that the latter functions are constants over all of
M . First, we do not require that the vector fields (ρa)ra=1

need to be defined everywhere; we content ourselves with
the fact that any neighborhood of a point permits a set
of such vector fields generating the given (singular) folia-
tion, keeping, however, the number r fixed. On overlaps
Uαβ = Uα∩Uβ of local charts then certainly there will be
r × r matrices L such that an equation of the type (13)
holds true. If the ρas form a basis at each point of a given
neighborhood, then the matrices L are even unique (and
satisfy automatically a cocycle condition). In general,
however, the generating vector fields may be linearly de-
pendent, and thus the transition matrices L not uniquely
determined. Let us assume that also in this case there
is a consistent choice of these matrices such that they
are invertible on each overlap and that on triple overlaps
they fit together consistently.

Such a consistent choice of matrices L over an atlas
of M is equivalent to the construction of a rank r vector
bundle E →M . In the very special case where the struc-
ture functions Cabc are also constant, one has E = M × g
and one can separate the manifold M from the abstract
vector space g. This is a very special situation: even as
a vector bundle, E may be far from trivializable.

How to obtain the algebraic structure on E that, in
the above particular case, would reduce to the Lie alge-
bra structure on g? Since in general we cannot separate
g from M inside E, let us thus look at M × g also in
this case, where in principle we know the action ρ of
the Lie algebra g on M , ρ : g → Γ(TM), ξa 7→ ρa. In
physics we are used to associate a nilpotent odd BRST-
transformation to this:

Q = ξaρia
∂

∂xi
− 1

2
Cabcξ

bξc
∂

∂ξa
. (17)

Here the variables ξa are considered to be odd and, in
the BRST- or BV-language are called “ghosts”. Q2 = 0
then follows from the above data, but also permits recip-
rocally to encode the algebraic structure on g as well as

its action on M . It is near at hand to consider the same
odd vector field (17) also in the more generic case where
the Cabcs are not constant. We now require that again
Q squares to zero. (Let us remark in parenthesis that
Q2(xi) = 0 as well as the contraction of the remaining
condition Q2(ξa) = 0 with ρia follow already from (8).
The additional input at this stage is mild therefore.) It
is a mathematical fact [3] (cf, e.g., [4] for more details)
that a nilpotent vector field (17) equips the above vector
bundle E with what is called a Lie algebroid structure!

As the name suggests, Lie algebroids are an infinitesi-
mal version to Lie groupoids. We refer to the mathemat-
ics literature [5–7] for definitions and known facts about
Lie algebroids and Lie groupoids.

EXTENDED KILLING EQUATION

Returning to Equation (14), we now recognize that the
geometrical significance of ωab is the one of a connection
on the bundle E. This permits an alternative interpre-
tation of the main equation (12) underlying the gauging.
It is well-known that Killings equation Lvg = 0 can be
rewritten in the form

vi;j + vj;i = 0 , (18)

where the indices of the vector field are lowered by means
of the metric g and the semicolon indicates a covariant
derivative with respect to the Levi-Civita connection of g.
Any v generating an isometry has to satisfy this equation.

We may reformulate the condition we found from gaug-
ing in a similar way: It is the condition on a collection
of r vector fields va ≡ ρa to satisfy the equations (8) and
(12). Locally we can always consider this set of vector
fields va on M as a single section of E∗ × TM , where
E is a trivial rank r bundle. In fact, in the previous
section we assumed that there exists a consistent gluing
over local charts so as to define a not necessarily trivial
rank r bundle E → M . The collection of vector fields
va now corresponds to a single (at least locally defined)
section v ∈ Γ(E∗ ⊗ TM) where v = viae

a ⊗ ∂i with ea

being a local basis in E∗. g permits v to be identified
with a section of E∗ ⊗ T ∗M . Using ωab as a connection
in E and the Levi-Civita connection on T ∗M , we arrive
at the following compact generalization of (18):

(∇v)symm = 0 ⇔ vai;j + vaj;i = 0 . (19)

Certainly, an ordinary Lie algebra action of symmetries is
a very particular case inside this: Then E is the globally
flat bundle E = M × g, we can choose ωab = 0, and
the above extended Killing equation (19) reduces to the
standard Killing equation (18) to be satisfied for each of
the individual vector fields (or 1-forms) va separately.



5

GENERALIZED GAUGE FIELDS

Since in general we cannot separate the algebraic Lie
structure from the manifold M , one also needs to regard
the scalar and gauge fields in a more unified manner. How
to do this was proposed already in [8, 9]: For a general Lie
algebroid E, the fields Xi and Aa are in one-to-one cor-
respondence with vector bundle morphisms a : TΣ → E
and the functional (3) gauging the E-orbits on M is a
functional of such maps S[Xi, Aa] ≡ S[a]. Moreover, the
gauge transformations found in the second part of our
Theorem are precisely one of the two options of gauge
symmetries developed by independent, more mathemati-
cal considerations in [8–10]. In [9] possible purely kinetic
terms for Lie algebroid Yang-Mills theories were proposed
and in [10] their subsequent coupling to matter fields.
The present analysis provides a complementary perspec-
tive, having started from an ordinary and standard sigma
model.

CONCLUSION

We have seen that by an unbiased attempt to gauge a
sigma model, not following blindly the established path
of Lie groups acting as isometries on the target M , we are
almost automatically led to the notion of Lie algebroids
E (or their integtating Lie groupoids). And even in the
case E = M×g, we do not need the Lie algebra g to be an
isometry for gauging: It is sufficient that the metric sat-
isfies (15) or, if F is singular, the more general condition
(19). It will be interesting to investigate this further from
both sides, mathematics and physics, many new routes
and problems offering themselves at this point.

Lie algebras and groups are a highly developed and im-
portant subject of mathematics and its use within physics

undoubtedly indispensable. We find that in the context
of gauge theories we should consider—at least also—Lie
algebroids and groupoids, all the more so due to the con-
siderable recent mathematical progress in this domain.
Nature is known to have made ample use of Lie groups.
It seems unlikely that Nature has restricted itself to this
relatively rigid notion, not also making use of the much
more flexible Lie groupoids—and this also at the level of
fundamental physics. To be unravelled.

We are grateful to A. Weinstein for valuable remarks.
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